We study the nature of a family of curvature singularities which are precisely the timelike cousins of the spacelike singularities studied by Belinski, Khalatnikov, and Lifshitz (BKL). We show that the approach to the singularity can be modeled by a billiard ball problem on hyperbolic space, just as in the case of BKL. For pure gravity, generic chaotic behavior is retained in (3 + 1) dimensions, and we provide evidence that it disappears in higher dimensions. We speculate that such singularities, if occurring in AdS/CFT and of the chaotic variety, may be interpreted as (transient) chaotic renormalization group flows which exhibit features reminiscent of chaotic duality cascades.
Introduction
It is remarkable that the intellectual environment created by the Cold War could have a positive effect on the practice of science. Distinct approaches to problems were developed instead of singular techniques dominating the field. One of the beautiful pieces of theoretical physics to emerge from the isolated intellectual environment of the former Soviet Union is the analysis by Belinski, Khalatnikov, and Lifshitz (BKL) of the nature of cosmological singularities in general relativity [1, 2, 3] . They were primarily concerned with the question of the genericity of singularities: are singularities artifacts of our large symmetry assumptions, as one may expect of the singularity in FRW cosmologies? Or would singularities be found in a set of nonvanishing measure in the full space of solutions (if we were only powerful enough to construct them)?
One may ask a similar guiding question in the context of AdS/CFT. Namely, there have been many examples of holographic RG flows in AdS/CFT leading to singular interiors, and the natural question would then be whether this is generic or simply an artifact of sourcing operators that preserve various symmetries, like Poincaré symmetry. This is precisely analogous [4] to the symmetric FRW cosmologies BKL were worried about. It is this question with which we will be occupied in the remainder of the paper. The singularities we will construct will be timelike instead of the usual spacelike singularities of BKL. Such timelike singularities will allow a cleaner interpretation in terms of boundary renormalization group flow.
Through several iterations of the work of BKL, which later involved cross-fertilization with the West and the methods of the Penrose/Hawking school, their work came to be known as the BKL conjecture. Roughly stated, the BKL conjecture claims the existence of a generic class of spacelike singularities in general relativity (coupled to matter) which are approximately ultralocal, oscillatory, and strong. "Generic" here means the solution is not a set of measure zero in the space of all solutions. "Ultralocal" means that as one approaches the singularity, in the Hamiltonian formalism, one can replace the partial differential equations governing the initial data with ordinary differential equations. This is possible since the time derivatives dominate over the space derivatives. "Approximately ultralocal" means this replacement is valid except at isolated points in time which can be modeled as sharp walls. "Oscillatory" means the solution oscillates, point-by-point, through a family of parameterizable sub-solutions; these "oscillations" are induced by the sharp walls which break exact ultralocality. "Strong" means that the metric cannot be analytically continued past the singularity in any continuous way. We will make these notions precise as we go along. Certain types of matter couplings are known to prevent the existence of BKL-type solutions with the above properties, but we will only consider pure gravity. The formalism of section 4 makes the inclusion of matter straightforward.
Generic gravitational phenomena have been re-interpreted in the past few decades in terms of generic field-theory phenomena, primarily through the AdS/CFT duality. The simplest example is a large, finite-temperature black hole in AdS, which corresponds to a field theory placed at finite temperature. Another example is the Hawking-Page transition, which has been connected to a confinement-deconfinement transition in field theory. Yet another example is black holes which are bald at high temperatures yet develop scalar hair at low temperatures, which is related to superconductivity in field theory. The list of such connections is long and some entries are more speculative than others. The generic nature of the BKL singularity suggests that it be included in the pantheon of gravitational phenomena which have been related to field theory phenomena. Of course, the BKL conjecture in all its glory remains unproven, but there exist analytic solutions and numerical simulations which realize various properties of the conjecture.
Summary of results
We will construct a timelike cousin of the BKL singularity and show that it has properties similar to the spacelike version. Specifically, there will be three key results: (1) Such timelike singularities are ultralocal from the viewpoint of a radial Hamiltonian evolution toward the singularity, (2) Chaotic behavior can be shown in (3 + 1) dimensions, but does not extend simply to higher dimensions, and (3) Imposing causality constraints in the dual field theory severely limits the types of timelike BKL singularities which can be embedded into AdS/CFT, potentially ruling out the chaotic subclass completely. The first two results are general properties of the singularity independent of AdS/CFT, whereas the third property is inherent to AdS/CFT.
We then turn to some speculation. Assuming that such a singularity exists in the interior of an asymptotically AdS solution, we will interpret the oscillatory, chaotic approach to the singularity as the bulk dual of a chaotic renormalization group flow. Since the ultimate infrared is unknown at the classical level and the singularity may be resolved by quantum or stringy effects, the chaotic behavior may only be transient. We will also illustrate that one way to think about the dual field theory is akin to a duality cascade which-unlike the duality cascades considered thus far-has the chaotic bouncing visible at the classical level in the bulk.
v2: Since the publication of this paper, it has been brought to our attention that-as concerns Section 3.2 about timelike BKL singularities in 3 + 1 dimensions-Serge L. Parnovsky beat us to print by a whopping 36 years [5] . That work overlaps and agrees with our analysis in that section. The author further showed that two other candidate metrics near timelike singularities cannot be upgraded to generic, chaotic solutions (see also [6] ). In [7, 8] , the same author considered several less exact solutions and studied the case of null singularities. These papers do not treat the general off-diagonal case, which we are able to do with the formalism of Section 4. While our work was being completed, the author of [9] performed the (3 + 1)-dimensional Iwasawa analysis of Section 4.1. That paper attaches physical significance to the symmetry wells in 3 + 1 dimensions, which we argue in Section 4.1 and Appendix B is incorrect. Our approach resolves the inconsistency of [9] with the results of Parnovsky. 1 
BKL summary
We will briefly review the salient points of the classic analysis of Belinski, Khalatnikov, and Lifshitz (BKL), as represented in the papers [1, 2, 3] . A fuller summary is given in appendix A.1 -A. 4 .
The anisotropic Kasner geometry, a solution of the vacuum Einstein equations, is written as
BKL's more general ansatz for a singularity at t = 0 was
The full geometry can of course be much messier, but this metric represents the leading terms of the metric in an expansion in 1/t near the singularity at t = 0. For the case where the vectors l i , m i , and n i are independent of position and point along the axes x i , and the p i are also independent of position, this reduces to the usual anisotropic Kasner geometry. In writing down Einstein's equations in an expansion in 1/t, one finds there are two possibilities. The first possibility is that all spatial gradients are subleading compared to the time derivatives. Thus, the system becomes "ultralocal." This property is precisely stated in terms of the Hamiltonian formulation of general relativity and is discussed in [10] . In short, ultralocality is the statement that the partial differential equations encoding the evolution of the three-metric and its extrinsic curvature can be replaced with ordinary differential equations asymptotically close to the singularity, due to the subleading nature of the spatial derivatives and spatial curvature terms. There is no such constraint on the Hamiltonian and momentum constraints coming from variations with respect to the lapse and shift, which for ultralocal systems can be partial differential equations. In a generic system it is incorrect to make this approximation, but there are tractable analytic examples where the approximation becomes arbitrarily good as you approach arbitrarily close to a spacelike singularity. One such example is given by the family of polarized Gowdy spacetimes with the spatial topology of a three-torus [10] . Although there is analytic evidence for this portion of the BKL analysis, this situation is not generic, as it is one free function short of a fully generic solution as illustrated in [1] .
The other possibility, first realized in [2] , is that the approach to the singularity can be oscillatory and approximately ultralocal. In this case, the spatial derivatives cannot be neglected, and the evolution of the equations is such that the system can undergo an infinite number of oscillations between different Kasner epochs. This possibility is realized in the Bianchi IX cosmology with non-stiff matter [11] . The allowance of oscillatory behavior upgrades the solution to a generic one. Numerical evidence exists for this part of the BKL conjecture as well [12] .
For interesting work embedding the spacelike Kasner singularities (1) - (2) in AdS/CFT, see [13, 14] . For unrelated recent work investigating chaos in black hole backgrounds, see [15, 16, 17, 18, 19, 20] . Parameterizing chaos in relativistic systems with Lyapunov exponents is subtle, due to the sensitivity of this measure to time reparametrizations. For more invariant notions of chaos in e.g. mixmaster universes [21] , see [22, 23, 24, 25, 26, 27] . For work extending the original billiard picture of Misner [28, 29] but predating [30] , see [31, 32, 33, 34] . Finally, for a sample of some quantum BKL excursions, see [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46] .
Timelike BKL singularities
We begin by exhibiting the radial version of the Kasner geometry (1), which is also a solution of the vacuum Einstein equations in four dimensions:
Analogously to (3) -(4), this radial Kasner geometry can be generalized to
Setting the exponents p i to constants and aligning the coordinate axes with l µ , m µ , and n µ gives (5). However, as in the spacelike BKL case the role played by this geometry goes beyond just the vacuum Einstein equations; it will be our ansatz for the leading terms in a 1/r expansion of a metric with timelike singularity at r = 0, coming from a potentially much more general action. As a simple, concrete example of how stress-energy can be neglected near the singularity, let us consider the case of Schwarzschild-AdS, which is asymptotically Kasner even though the full geometry is a solution of Einstein's equations with negative cosmological constant. The metric is given by
We can take r → 0 to approach the singularity and get
Notice that the time coordinate is r if M > 0 (we are inside a usual black hole horizon), while it is t if M < 0. We consider M < 0, zoom in on a flat patch of the sphere, and absorb the factor of −2M into the coordinates to get
Defining r d−1 dr 2 ≡ dr 2 gives
This is a radial Kasner geometry (5) with exponents
We will see that these exponents are ruled out by the causality constraint in section 5.1. Notice that the appearance of the Kasner geometry illustrates that the cosmological constant-interpreted as a matter source-has decoupled near the singularity.
Decoupling near the singularity
We begin by considering the less generic case of no oscillation, first considered in [1] . This is the timelike analog of Section A.1. We consider Einstein's equations in vacuum and will assume any matter stress-energy is negligible near the singularity. We work in a synchronous reference system and expand the metric about the singularity as
where a, b, c, l µ , m µ , and n µ all depend on r and x µ . The metric is seen to be Lorentzian by computing the determinant in the basis given by {l µ , m µ , n µ }, which gives det g µν = −( µνρ l µ m ν n ρ abc) 2 . Notice it is in general not possible to align the x µ with the directions l µ , m µ , and n µ .
Defining κ ν µ = ∂h ν µ /∂r, we can write Einstein's equations in this frame as
The first equation only has derivatives with respect to r. The same goes for the second equation if we can ignore the three-dimensional Ricci tensor built out of h µν . 2 Then these two equations become
where we have defined projections of the tensor R µν as e.g. R mn = R µν m µ n ν . These equations have as solution the anisotropic Kasner geometry (7) - (8) . The final equation (16) can be reduced to three r-independent constraints on the exponents and vectors [1] . As we will see in the next subsection, ignoring (3) R ν µ requires a single constraint. This additional constraint makes the parameterization a set of measure zero in the full phase space; including it will make the ansatz cover an open set in the space.
The equations (14)- (16) can also be recast in the Hamiltonian formalism, where one uses a radial Hamiltonian appropriate for evolution toward the interior. In this framework, the evolution equations are analogous to (14) and (15) , while the constraint equations are analogous to (16) . Ultralocality is then the statement that the non-radial derivative terms in the evolution equations can be ignored asymptotically close to the singularity. This means that the evolution equations break up pointwise, and it allows us to zoom in to different points and track their evolution independently from nearby points. In other words, the set of partial differential equations governing the radial evolution of the three-metric become ordinary differential equations. Even in the case where the term (3) R ν µ has spatial derivatives which can compete, it turns out that the spatial derivatives act in a rather mild way. Specifically, in a suitable limit (the BKL limit) we can ignore the spatial derivatives except at isolated points in time, which can be treated as sharp transitions. We will refer to this situation as "approximately ultralocal" and address it in the next subsection.
A potentially puzzling feature of the radial evolution becoming ultralocal is the following: in the usual BKL case of a spacelike singularity, one can appeal to the existence of particle horizons near the singularity as an intuitive explanation for the point-by-point decoupling, 3 whereas there is no such causal picture in the case of radial evolution. Nevertheless, the picture of horizons can be supplanted by the picture, at least in the synchronous gauge within which we work, of the strength of the singularity leading to certain terms in the dynamics dominating over others. This is what happened in the symmetric case above. This picture also works in explaining analogous decoupling in the case of cosmological horizons, in which case there is no singularity but the strength of the expansion replaces the strength of the singularity. Furthermore, the explanation via horizons is not completely satisfactory since the oscillatory scenario we will illustrate in the next section violates the strict decoupling, and this generalized behavior does not have a clear explanation in terms of the behavior of horizons. Interestingly, BKL never referenced the existence of causal horizons to support their decoupling picture, and instead argued directly from the equations of motion, which is what we do as well. We will not spend much time on the inhomogeneous case, but preliminary work suggests that the arguments of [3] , which show that the homogeneous case can capture the inhomogeneous case, can be adapted to our scenario. To be clear, the pointwise split of a generic inhomogeneous situation into homogeneous but anisotropic patches, as seems to happen in the spacelike BKL singularity, is an assumption of our work.
Oscillatory behavior
We can now consider the case where (3) R ν µ is kept finite. This is the timelike analog of Section A.2, which we rely on heavily and should be read before reading this section. We write the metric as
where we have singled out l as the timelike direction. The corresponding Einstein equations can be obtained by changing
where the primes now denote radial derivatives. We have defined λ = l i ijk ∂ x j l k , µ = m i ijk ∂ x j m k , and ν = n i ijk ∂ x j n k , which can be functions of the non-radial coordinates (we use Latin indices in these expressions to minimize the confusion of using µ, ν, λ both as indices and as the parameters just defined). In the previous subsection, we solved (20) in the limit where λ = µ = ν = 0. This is precisely the case where we set (3) R ν µ = 0 in (15), as advertised. We will now consider the more general case of λ, µ, ν = 0. In this case, a pure Kasner solution of a(r), b(r), c(r) will cease to be valid at some point, since one of the scale functions, say a(r), will be diverging instead of vanishing toward the singularity, due to the fact that one of the kasner exponents (p 1 , p 2 , p 3 ) has to be negative. This corresponds to the direction along l µ expanding instead of contracting. This will give a big contribution to the right-hand-side of (20) , and we can capture its effect by keeping the dominant a 4 term and tracking how it modifies the Kasner solution. This is elaborated in the spacelike case in Section A.2. From the discussion there, we know that the oscillatory behavior comes from the distribution of signs of the quartic terms:
(a bc) abc ∼ −λ 2 a 4 + µ 2 b 4 + ν 2 c 4 ..., etc. A sign reverse can potentially change the picture of a particle colliding into an exponential potential wall to a particle sinking into an exponential potential well. However, the double-Wick-rotation only affects the sign of the double-quadratic terms a 2 b 2 and a 2 c 2 in the brackets on the right-hand-side of (20) . As argued in Section A.2, it is the quartic pieces which are relevant and lead to chaotic behavior; the double-quadratic pieces are subleading and will change the details of the collision, but the asymptotic outcome of the bouncing is unaffected. We therefore conclude that the chaotic behavior is retained. We plot the features of this type of oscillatory behavior in Figure 1 in the language of the billiard dynamics of the next section.
Radial billiards
A generic formulation of the BKL hypothesis in terms of billiards on hyperbolic space was presented in [30] and reviewed in [47] . The idea is to perform an ADM decomposition and map the gravitational dynamics to the simple problem of a billiard ball bouncing around in a stadium in hyperbolic space. This billiard problem takes place in superspace (the space of metrics), and the walls of the billiard descend from potentials in the ADM decomposition. The potential walls are generically exponentials, but become infinitely sharp in the BKL limit. The momentum components of the billiard are related to the Kasner exponents {p i }, so bouncing off of walls transitions you from one Kasner epoch to another by changing the momentum of the billiard. Compact regions in this hyperbolic billiard result in a chaotic billiard. There are two types of walls in this analysis, known as gravity walls and symmetry walls, which have different origins in the ADM Hamiltonian. In 3 + 1 dimensions, the symmetry walls play a rather benign role and primarily reflect the permutation symmetry between spacelike directions. Beginning with only gravity walls forming a "big billiard," one can then take a quotient by the symmetry group and obtain a "small billiard" demarcated by a combination of the symmetry walls and gravity walls (the quotiented and unquotiented dynamics is discussed further in [48] ). This benign role of symmetry walls in 3 + 1 dimensions is also clear from the analysis of BKL, in which there are no such walls that appear. It becomes tempting to conclude these are unphysical walls which only arise from the diagonalization required by [30] . However, symmetry walls play a more physical role in higher dimensions. For example, whether or not certain models are chaotic depends on whether or not off-diagonal metric components, and therefore symmetry walls, are included [49, 50] .
The analysis of [30] included the effects of dilatons and p-forms, with a view toward analyzing the BKL conjecture for supergravity theories in general dimensions. Having shown in Section 3.2 that pure gravity in four dimensions-with a specific ansatz that restricts off-diagonal components in γ µν -has chaotic behavior, one may want to refine the analysis and see how much of the mathematical machinery from [30] carries over to the case of a timelike singularity. The answer is that the machinery can be partially adapted, although in certain cases the formalism breaks down.
We will analyze pure gravity in d + 1 dimensions. We will find that chaos is preserved for d = 3 even when we relax the restriction on off-diagonal components, which we had imposed in the previous section. There is only one symmetry wall (as opposed to three symmetry walls in the spacelike BKL case), presumably reflecting the reduced permutation symmetry of the problem (two equivalent spacelike coordinates as opposed to three). For d > 3, we provide evidence that gravity is not chaotic. For example, in 4 + 1 dimensions, we argue that three of the twelve potential gravity walls of the spacelike BKL billiard turn into wells due to the timelike nature of one of the coordinates. These wells need to be resolved to know where the dynamics leads, but we will not address this issue here. We will also find a reduced number of symmetry walls, and imposing them is not sufficient to block the gravity wells and restore chaos. We will be sparse with the details of the billiard construction, relying heavily on the beautiful exposition of [30, 47] .
Billiard in hyperbolic space
Since in our setup one approaches the singularity in a spacelike direction, one needs to perform a radial version of the usual ADM decomposition [51] . For simplicity we will consider pure gravity. We write a metric of the form
for γ µν a d-dimensional metric of Lorentzian signature. In terms of the extrinsic curvature K µν of the metric γ µν , we have the radial "Hamiltonian"
and Lagrangian
Integrations are over all non-radial variables. These expressions differ from the usual ADM construction by an overall sign on the extrinsic curvature pieces. The lower-dimensional Ricci scalar is identified with the potential, while the rest is identified with the kinetics. The relation
for the momentum conjugate to γ µν has been used to Legendre transform between the Lagrangian and the Hamiltonian.γ µν refers to differentiation with respect to the radial coordinate. This overall sign flip on the extrinsic curvature pieces is the only difference from the case in [30] . It leads to a (truncated) d-dimensional Dewitt supermetric [52] of signature (+, −, −, . . . , −). The billiard problem is defined as the dynamics of a particle in this auxiliary superspace, whose metric can be written as
for the unit hyperboloid H d−1 . The transformation between β variables and the hyperbolic variables is given by β µ = ργ µ , with γ µ γ µ = 1. The coordinates γ µ parameterize the sheet of the hyperboloid with β µ β µ > 0.
In the case of a spacelike singularity, one is able to map the dynamics to a free particle on a unit hyperboloid with metric dH d−1 . In our case, the Hamiltonian flips sign, so the free particle has a wrong-sign kinetic term, but the metric signature also flips sign. The kinematics is thus invariant under these replacements, and we again recover a hyperbolic billiard.
To analyze the Kasner epoch transitions, which in the reformulated hyperbolic billiard problem correspond to the particle bouncing off of walls in hyperbolic space, we need to analyze the generic case of a metric with off-diagonal components. This leads to a "centrifugal" or "symmetry" wall, which is the contribution of off-diagonal pieces to the free-particle kinetic piece −(K ij K ij − K 2 ) , and a "curvature" wall, which is the contribution of the three-dimensional Ricci scalar. In other words, one splits the Hamiltonian as
The piece V S is written in terms of an Iwasawa decomposition of the metric γ = N T A 2 N with A b = e −β b for b a spatial index and A t = ie −β t . 4 This is a diagonalization into a Kasner-type metric A 2 ab = e −2β b η ab (no sum intended). P j b is the momentum conjugate to N b j . Details for the spacelike case can be found in [30] . In the BKL limit the pieces V S and V G become a sum of theta-function walls of the scale variable β i 's, which provide an infinite potential that bounds the kinematics to remain in one side of the walls.
Let us begin by analyzing the symmetry walls, which come from the extrinsic curvature pieces. But first let us set up some expectations. In 3 + 1 dimensions, insofar as symmetry walls tend to reflect the permutation symmetry of the coordinates in the three-metric, we should expect to find a reduced number of symmetry walls compared to the spacelike BKL case. This is because the symmetric permutation group reduces from S 3 to S 2 due to the timelike coordinate. If it exactly mirrored the symmetries, we would expect to go from three walls to one wall, which is precisely what we find. In higher dimensions, where the symmetry walls play a more physical role, there will not be such an obvious counting, as already shown in [49, 50] . Nevertheless, we expect some amount of reduction in the number of walls. Now to the analysis. Performing a naive analytic continuation of the symmetry walls in the spacelike BKL singularity (which we will soon find is incorrect), we find
where n = 1 if a or b is the timelike coordinate t and n = 0 otherwise. The c A coefficients are independent of the phase space variables β and π β . The step function is defined as
Let us now consider the gravity walls. For an Iwasawa basis
we get a Ricci scalar given by
where "subleading" means pieces that become irrelevant walls in the BKL limit. 5 Notice that for D = 4 every term in the sum always includes A t = ie −β t , which squares to give a minus sign. This does not happen in the spacelike BKL case. The gravity walls become, in an appropriate gauge,
For pure gravity in four dimensions, we see that H = H 0 + V S + V G flips the overall signs in the H 0 and V G pieces (compared to the spacelike singularity case), whereas V S is a sum of three terms, only one of which flips signs. To get the correct kinematics, we fix the wrong sign kinetic term H 0 by negating again V S and V G . Thus, instead of three gravity walls and three symmetry walls in the hyperbolic billiard (which is what happens in the case of a spacelike singularity), it seems that there are three gravity walls, one symmetry wall, and two symmetry wells. However, this analysis is incorrect, as can be guessed by the fact that symmetry walls morphing into wells is in tension with their benign origin in 3 + 1 dimensions as implementers of a symmetry group.
The resolution to this conundrum is as follows. Technically, the Iwasawa coordinate transformation of [30] is becoming singular, as can be seen by working in a different coordinate frame. This is what is signaled by an infinite symmetry "well." We will re-solve these equations in a different (nonsingular) coordinate frame and see what becomes of the infinite symmetry wells in a representative example (Bianchi IX) in appendix B. We will find that they become finite symmetry wells, and the billiard ball continues its free flight after passing through.
If we restrict to only gravity walls (the unquotiented dynamics), we have a simple form of chaotic behavior illustrated in Figure 1 . This case is equivalent to the case of a spacelike singularity, and in the language of [48] it corresponds to the "big billiard" considered by BKL. In four dimensions, the dynamics can be summarized as follows: (β 1 , β 2 , β 3 ) will evolve freely along the radial direction with "momenta" equal to the Kasner exponents p i :
Notice that both u and 1/u correspond to the same Kasner exponents. The free motion is confined by the gravity walls to be within the region β i ≥ 0. One of the momenta p i is negative, which will drive β i towards the boundary of the region. Upon colliding into the boundary, the dynamics will change the trajectory by changing the momenta, and hence the Kasner exponents, in the following way:
In terms of the parameter u that characterizes the Kasner exponents, the bouncing dynamics correspond to following rule: if u > 1, then the bounce sends u to u − 1; if 0 < u < 1, then the bounce sends u to 1/u − 1. From this we see that for any irrational value of u, the bouncing dynamics will continue indefinitely. Rational values of u which appear to terminate after a finite number of bounces are finely tuned and appear only as an artifact of the simplifying assumptions we have made.
In the case where we can have off-diagonal pieces in the metric, the analysis in appendix B shows that we obtain one symmetry wall, corresponding to the single pair of spacelike exponents. Adding in this symmetry wall corresponds to a quotient of the big billiard which gives what we will call the "small timelike billiard." This billiard is three times the size of the small spacelike billiard of [30] and is discussed in section 4.2.
In d+1 dimensions it is less clear what is to become of the symmetry walls which naively continue into wells. Let us for the moment assume it mimics the case of 3+1 dimensions, meaning they become finite wells. Altogether, we will have We have plotted the three Iwasawa exponents β i in the absence of symmetry walls, and the evolution toward the singularity is in the negative r direction. The plot on the right zooms closer to the origin and ignores the blue curve for illustrative purposes. This shows cleanly the oscillatory dynamics in this regime. Notice also that the ordering of the Iwasawa exponents are not preserved in the absence of symmetry walls.
and the rest are walls. For example, in 4 + 1 dimensions one will have nine gravity walls and three gravity wells. Imposing all of them would give a closed simplex with twelve faces, although three of the faces are wells that allow the billiard ball to escape. Quotienting by the permutation symmetry group of the non-radial spatial coordinates would reduce you to a simplex with five faces: two gravity walls, one gravity well, and two symmetry walls. The fact that the gravity wells did not disappear under the quotient is a consistency check, as the small billiard should encode the physical features of the large billiard. (Notice that imposing symmetry walls is not equivalent to taking the quotient by the permutation symmetry group, as for d > 3 these are not in one-to-one correspondence. As shown in [49, 50] , imposing symmetry walls can close an open billiard and restore chaos.) Just as we passed to the orthogonal decomposition in appendix B to deduce what is to become of the infinite symmetry wells in the Iwasawa decomposition, we again need to do such an analysis for the infinite gravity wells. However, these infinite gravity wells remain in the orthogonal decomposition. Although it may be possible to find a frame in which the gravity wells can be handled, it seems much more likely that the gravity wells are signaling a breakdown of a BKL limit and (modulo our assumptions) an absence of generic chaos in higher dimensions in this particular paradigm. Although chaos does not seem to be generic in higher dimensions, we can still imagine engineering chaotic solutions. This would correspond to fine-tuning the initial conditions or some other parameters of the problem. For example, we can fine-tune the off-diagonal components of the metric γ to take on special values. These special values should be such that the structure constants C a bc in the Iwasawa frame, which enter into the coefficients of the gravity walls/wells as in equation (30), vanish anytime a, b, and c are all spacelike coordinates. The indices a, b, and c being spacelike implies that C a bc is the coefficient of a gravity well instead of a gravity wall, and the vanishing of all these C a bc would enforce the vanishing of the gravity wells. In 4 + 1 dimensions, for example, the rest of the walls are sufficient in forming a closed billiard.
Timelike vacuum billiard and arithmetic chaos
As illustrated in the case of Bianchi IX in appendix B, the symmetry walls which come from a diagonalization of the metric are harmless. For the case of vacuum gravity in 3 + 1 dimensions, imposing our single symmetry wall gives the billiard in Figure 2 . This billiard is three times the size of the small spacelike billiard of [30] . The angles made up by the intersections of the relevant walls are 0, 0, and π/2. The reflections of the billiard ball from the walls of this small timelike billiard can be represented by a rank-3 Coxeter group with generators s 1 , s 2 , and s 3 which square to the identity and satisfy the relations (s 1 s 2 ) ∞ = 1, (s 2 s 3 ) ∞ = 1, and (s 1 s 3 ) 2 = 1. The power ∞ is a convention in Coxeter theory which corresponds to the case where there is no power of the product of generators which equals the identity. This leads to the Coxeter diagram in Figure 2 .
Recall that the spacelike vacuum billiard corresponds to PSL(2, Z) extended by a reflection generator, which altogether gives PGL(2, Z). In our case we begin with the infinite-order Hecke group H ∞ , which is the same as the modular group except T acts as a translation by two units instead of one unit. This is then extended by a reflection generator. More precisely, we begin with S(z) = −1/z and T (z) = z + 2 acting on a complex coordinate z on the upper-half plane. We define the generators of the extended Hecke group as s 1 (z) = −z, s 2 (z) = 2 −z, and s 3 (z) = 1/z.
We can say more about the Coxeter group corresponding to our billiard. It is hyperbolic and arithmetic. Indeed, we will soon see that hyperbolicity is a necessary requirement for chaos. For a Coxeter diagram that contains no closed cycles, the corresponding group is crystallographic if the link weights are drawn from the set {3, 4, 6, ∞} [53] . This proves that our Coxeter group is crystallographic. Furthermore, crystallographic Coxeter groups correspond to Weyl groups of KacMoody algebras, although the Kac-Moody algebra is not uniquely identified. Our small timelike billiard region is known as the "fundamental Weyl chamber" and the billiard bounces are known as "Weyl reflections" in this context. Hyperbolicity of the crystallographic Coxeter group implies that it is the Weyl group of some hyperbolic Kac-Moody algebra [47] . In fact, it is the same rank-3 Kac-Moody algebra discussed in a different context in [50] . It has Cartan matrix
and is a subalgebra of AE 3 = A ∧∧ 1 , which represents the small spacelike billiard.
Timelike BKL singularities in AdS/CFT
In this section we consider a few aspects of the embedding of these timelike BKL singularities within AdS/CFT. We are unable to conclusively rule out or rule in the existence of such singularities, although we will derive some general constraints. According to [54] , a sufficient condition for the acceptability of timelike or null singularities is that the field theory dual can be put at finite temperature, i.e. there exists a near-extremal generalization of the bulk geometry in the form of a black hole which masks the singularity. This provides an IR cutoff which can be taken away in a T → 0 limit. In such a context, our results would apply to the T → 0 geometry which maintains a naked singularity. Even for the radial Kasner geometries which we begin with, we have not succeeded in constructing black brane geometries which cloak the singularity. A more useful criterion in our case is that of [55] , which demands that two points that are spacelike separated along the boundary metric are also spacelike separated through the bulk. More generally, there should not be any time advance of geodesics passing through the bulk, since this would imply acausal behavior of the boundary field theory. 6 The usual theorem covering this situation in AdS/CFT, due to Gao and Wald [57] , does not apply to our geometries due to the naked singularity. Nevertheless, the criterion of [55] will prove useful in ruling out the class of Kasner geometries (5) with negative timelike exponent, which includes the case of negative-mass Schwarzschild. Nakedly singular geometries are often dismissed on the basis of cosmic censorship, but this is not very compelling because it is not clear how this conjecture should arise directly from the dynamical equations. (See e.g. [58, 59, 60] for some work on the cosmic censorship conjecture in AdS spacetimes.) Proceeding with the assumption that such singularities can exist, we will then discuss the geometrization of RG flow and show that extremal surfaces do not encounter any barriers that prevent one from probing the BKL region in the deep IR. We will also briefly address higher curvature corrections in the context of AdS/CFT.
The rest of this section is rather speculative. We will adopt the point of view that these singularities indeed represent IR phases of dual field theories (although not the ultimate IR, for which resolution of the singularity would be needed) and discuss implications. This flight of fancy will culminate in Section 5.6, where we connect our timelike BKL billiard analysis to the chaotic duality cascades discussed in [61, 62] .
Arguments like those of [63] ruling out infrared chaos are not in tension with ours, because (a) they are for Lorentz-invariant flows, while our flows break Lorentz invariance, and (b) we do not have any comments about the ultimate infrared, which would require singularity resolution.
Causality constraint
The authors of [55] proposed a causality constraint for the bulk spacetime to admit a holographic dual. The idea is that information should not travel more quickly through the bulk than through the boundary. This is formalized and proven by the Gao-Wald theorem [57] , but the presence of the singularity violates the assumptions of the proof and requires an explicit check to be performed.
For simplicity let us focus on the propagation of null quanta. We pick two spatial points on the boundary separated by ∆x and choose a null path P in the boundary connecting the two points. For any null path Q in the bulk also connecting the two points, we need to satisfy the constraint
In other words, we need to ensure that the final spacetime point of path P causally precedes the final spacetime point of the path Q as long as they begin their journeys at the same initial spacetime point. Due to coordinate invariance of causal relations, we will simplify the analysis by using the coordinate time t to determine the causal ordering. Now let us take a particular Kasner epoch:
We will work in the framework of local holography and study the causality constraint from the point of view of an effective field theory living at the slice r = r * of the particular Kasner epoch. We will comment on the validity of such an approach below. We argue that the causality constraint is satisfied as long as p t > p i for all i. Consider an arbitrary null curve:
This implies
Since the boundary path is nailed down at r = r * , we have
The bulk path satisfies r(t) ≤ r * along the path, so we have v bulk
(r) as long as p t > p i . Integrating this relation along the paths shows that the bulk path will always lag behind the boundary path.
A proper analysis of causality would require a global solution that connects the Kasner region to the boundary AdS 4 . Lacking such solutions to analyze in general, we consider a thin-wall model. Treating the location of the thin wall as a free parameter to try and get the strongest constraint possible, one can see that radial null curves minimize the boundary time t by staying solely in the Kasner region. This means that placing the wall near the AdS boundary will lead to the most time advance. 7 Then we only need to track the constants which arise from matching metrics across the brane. These constants do not affect our results. An explicit example which corroborates this argument is that of AdS-Schwarzschild spacetimes, which satisfy the causality constraint for positive mass yet violate it for negative mass. One can check that working in the full geometry will reproduce the results above, which are interpreted as coming from zooming into the Kasner region.
It is natural to guess that in a generic oscillatory scenario, most of the volume will be contained in regions where p t ≯ p i for some i, which would lead to causality violations for appropriately chosen bulk null curves. At the level of our analysis, however, it is not possible to draw any firm conclusions about the causality constraints on oscillatory timelike singularities.
Probing the IR
Another natural question to consider is whether the boundary field theory has access to the physics of the deep IR. It was shown in [64] that extremal surfaces anchored at the AdS boundary cannot penetrate hypersurfaces with nonpositive extrinsic curvature (under an additional mild assumption). For the metric ansatz of the form
one can compute the extrinsic curvature K = K µ µ for a constant r slice to be K = = 1 2r > 0. Thus, an oscillatory BKL geometry, with different Kasner patches at different points in spacetime, also has positive extrinsic curvature radial slices. This is true as long as we pick the radial slices away from the transition regions due to gravity wall (for the moment we only the diagonal billiards), which we previously modeled as infinitely sharp walls. To resolve the details of the wall and check the extrinsic curvature for radial slices within such a wall, we will focus on the homogeneous Bianchi VII geometry, which can drive oscillatory dynamics:
The vectors ( l, m, n) can be identified with the Killing vectors generating the local isometries. The extrinsic curvature of a constant-r slice in such a geometry also takes the form
Plugging in the analytic bouncing solutions (57), we find that
We see that K remains non-negative for
, which is always the case for BKL exponents.
Radial evolution as RG flow
We argued that the metric (7) represents a generic fate of evolving Einstein's equations radially inward from the asymptotic AdS boundary. However, one would like to extract some statement about the behavior of the dual field theory. The basic assumption which will allow us to do this is that boundary RG flow is geometrized as evolution in some direction toward or away from the singularity. We shall assume that it is the usual radial evolution toward the singularity which represents a field theory RG flow to the IR, but we emphasize that this level of specificity is not necessary for our conclusions. The connection between bulk radial evolution and boundary RG flow (including its shortcomings) is well-understood for the case of AdS-like geometries. The most basic intuition for this is to analyze energies as measured by an asymptotic observer. In the AdS case, with metric
one argues that the warp factor leads to energies measured in the field theory as E = E proper /z, which diverges toward the boundary z → 0 and vanishes toward the horizon z → ∞. This identification is meaningful primarily in a coarse-grained sense, where the radial evolution is considered on super-AdS scales.
In our case, the geometry is anisotropic with different warp factors in every direction. Nevertheless, the property |g| ∼ r is satisfied by the Kasner geometries, i.e. the volume decreases linearly with r as you approach the singularity at r = 0. For the generalized Kasner geometries this holds pointwise and is maintained through the bounces, which simply correspond to swapping exponents. Thus, our interpretation is even applicable in the chaotic case, where the expanding and contracting directions keep swapping. On average, assuming the bounces are uniformly distributed along the various directions, any g µµ component (no sum intended) will be decreasing on average. For the non-chaotic case our interpretation breaks down in the case where g tt is always increasing toward the singularity, which can be arranged as long as g xx and g yy are decreasing. This is precisely the case we have ruled out in Section 5.1 by causality constraints, so we need not worry about it. Of course, on the small scales on which we expect our chaos to take place, it is less clear what the dual field theory picture should be, and it is expected that the matrix degrees of freedom are crucially involved.
Many of the RG flows considered in AdS d+2 /CFT d+1 maintain (d + 1)-dimensional Poincaré invariance [65, 54, 66, 67] . This is analogous to (d + 2)-dimensional cosmologies which maintain (d + 1)-dimensional rotational and translational invariance. The latter are of FRW type whereas the former are of the general scale-covariant type (and become the "hyperscaling-violating" type when the conformal factor is pure power law). These geometries are too symmetric to fall into the BKL class; indeed, the FRW-type singularity is precisely what motivated Belinski, Khalatnikov, and Lifshitz to search for more generically parameterized curvature singularities.
Holographic implication of bulk ultralocal behavior
The case of strict ultralocal behavior in the bulk, without oscillatory bounces, seems to indicate a dual renormalization group flow which breaks up pointwise. In other words, the IR phase varies point by point, governed by the various Kasner phases in the bulk. Without a microscopic bulk-boundary map we cannot say more about the specific nature of the ultralocal RG flow of the boundary theory.
Discrete scale covariance
Notice that there is a finely-tuned limit of the billiard problem which gives non-chaotic trajectories. This is just the situation where one aims the initial angle of the ball such that it traces out closed trajectories; i.e. after a finite number of bounces the Kasner exponents return to themselves. For example, a set of Kasner exponents with u = 1 2 (3+ √ 3) will return to itself after every 3 bounces against gravity walls. Although the Kasner exponents have returned to themselves, one has moved closer to the singularity after these bounces. This precisely realizes a discrete scale covariance. Discrete scale invariance in the bulk is what would have corresponded to limit cycles of the renormalization group flow in the boundary theory. 8 We have instead found what is analogous to the hyperscaling-violating cousins of these limit cycles.
Connection to duality cascades
We now turn to some interesting work in [61] that constructs chaotic duality cascades in field theory and interprets them as chaotic renormalization group flows. The point of this section is merely to illustrate a field theory example which has some of the features of our bulk solutions. Connecting the two pictures is, at present, an illustrative free association.
Let us begin with a brief review of the Klebanov-Strassler flow [71] and its interpretation as a "duality cascade." One begins with N D3-branes and M fractional D3-branes probing a conifold singularity. The dual gauge theory is described by an SU (N ) × SU (N + M ) gauge group, with four chiral bi-fundamentals: A 1 , A 2 in the (N + M,N ) representation, and B 1 , B 2 in (N + M , N ) representation, coupled via a superpotential W = λtr(A i B j A k B l ) ik jl . For M > 0, the theory is not superconformal, the gauge couplings (g 1 , g 2 ) of the two factors SU (N ) and SU (N + M ) run according to the beta functions:
The two couplings run in opposite directions. Eventually g 2 will flow to strong coupling, requiring a Seiberg duality of the SU (N + M ) factor to be performed, reducing the gauge group down to SU (N ) × SU (N − M ). After that the two beta functions switch sign, and eventually g 1 diverges, requiring a Seiberg duality on the SU (N ) factor, further reducing the gauge group. This iterative cascade continues until the gauge group rank is smaller than M and the theory confines. On the supergravity side this is manifested on the smooth capping off of the conical singularity in the deep IR (seen after solving for the back-reacted geometry).
Since the original duality cascade of Klebanov and Strassler, there has been plenty of work aimed at generalizing the example. The two studies we will be most interested in are [61] and [62] . In [62] , it was shown that the duality cascade can be reformulated in terms of the properties of the generalized Cartan matrix associated with the quiver gauge theory. Each Seiberg duality which is performed translates into a Weyl reflection in the associated root space. It was further shown that for hyperbolic Cartan matrices, there generically exist "duality walls." These walls are finite-energy scales in the UV which are accumulation points for the number of necessary Seiberg dualities. (In discussing duality cascades, one often tries to construct a candidate cascade flow by starting from the infrared and moving into the ultraviolet.) In this reformulation, it is easy to see that chaotic RG trajectories can occur, depending on the properties of the generalized Cartan matrix. This was first elucidated by [61] , where fractal characteristics of the approach to duality walls were shown. This connects chaotic behavior to hyperbolicity of the generalized Cartan matrix.
From a generalized Cartan matrix one can construct the associated Kac-Moody algebra. Hyperbolicity of the Cartan matrix corresponds to hyperbolicity of the underlying Kac-Moody algebra. The language of Weyl reflections in root spaces becomes equivalent to that of Weyl reflections in fundamental Weyl chambers of Kac-Moody algebras; this is precisely the language of the timelike BKL billiard we developed in Section 4.2! Spacelike BKL billiards have a similar structure [47, 30, 72, 34, 73] . Both in the case of a timelike BKL singularity and duality cascades, it is the hyperbolicity of the underlying Kac-Moody algebra which implies chaos. This mathematical connection between our timelike BKL singularities and chaotic duality cascades provides some support for a renormalization group flow picture of our singularities in terms of a chaotic duality cascade.
Thus far, in the few dual supergravity flows of chaotic duality cascades that have been constructed, there seems to be no bulk signal of chaos. This is unsurprising, since individual bounces in the RG flow of the field theory are O(M/N ) ∼ O(1/N ) effects. The supergravity flow smooths over these bounces and thus the chaotic behavior is invisible in the classical bulk. The approach to a BKL singularity, however, is precisely the type of structure one would expect if the bulk geometry realized the flow of the boundary coupling constants. The Kasner exponents would mimic the coupling constants of the dual field theory, and they bounce around in the same way. In fact, [74] exhibited a duality cascade in terms of a bouncing billiard, which upon every bounce switched the behavior of the coupling constants while always retaining the property that two were growing and one was shrinking. Such a field theory cascade is analogous to the BKL D = 4 billiard, which in any Kasner epoch has two exponents growing while one is shrinking.
What are we to make of the duality walls generically associated with hyperbolic quivers? These are accumulation points of Seiberg-duality transformations. The natural guess is to identify this with the BKL singularity in the bulk, since the bounces accumulate as one approaches the singularity. Unfortunately, to our knowledge duality walls have only been exhibited in the UV of field theories, so such a picture would not be appropriate for connecting our BKL regions to an asymptotically AdS spacetime. We stress, though, that the chaotic properties of BKL already call on a distinct notion of duality cascades of the boundary field theory which lead to visible bulk effects. One may hope for the existence of duality walls in the IR of such cascades.
Higher curvature corrections and the ultimate infrared
To make sure we are in a controlled regime, we need g s 1, r/ s 1, and r/ P l 1. In other words, perturbative string theory is valid and curvatures are small in string and Planck units. The BKL limit is naively in tension with this, since the simplest way to implement it is to zoom into the singularity, in which case higher curvature corrections would become important (see [75, 76] for work toward incorporating higher curvature corrections). However, by picking the length scale of inhomogeneities large compared to the Planck scale, and picking matter content with scales which lead to decoupling well before the singularity, we can open up parametric regions within which the BKL regime exists.
Given that we cannot approach arbitrarily close to the singularity, we have only commented on some intermediate phase of the RG flow. The ultimate fate of the RG flow is unknown to us and cannot be provided by a BKL-type analysis. It is possible that any resolution of the bulk singularity leads to a picture with a chaotic RG flow that is transient. In other words, for finite energy decades the system looks chaotic but over a large enough energy scale the behavior disappears. Such behavior has been extensively studied in dynamical systems; a dissipative double pendulum would be a simple analogy for such transient chaos.
Discussion
Belinski, Khalatnikov, and Lifshitz wondered whether the singularity of FRW geometries is a generic feature of Einstein's equations or an artifact of the large symmetry group of that spacetime (rotations and translations). Similarly, we wondered whether the constructed supergravity flows which often seem to end in singular interiors are simply an artifact of the large symmetry group of the flows (often Lorentz invariance).
This paper was constructed with two goals in mind. First, purely as an exercise in general relativity, we constructed the timelike versions of the BKL singularities and analyzed their properties. On a more speculative front, we analyzed the implications of such singularities if they were to appear in the infrared of some AdS/CFT renormalization group flows. A key point to keep in mind when thinking about embeddings in AdS/CFT is the genericity of the BKL picture. It is often possible to engineer bizarre scenarios, but genericity arguments are rare and powerful.
The generalized radial Kasner geometry (7) was the starting point in studying the BKL-like properties of the singularity. We found, as in the usual BKL case, that there are two possibilities: the evolution either becomes exactly ultralocal, which is not the generic scenario, or the situation becomes approximately ultralocal, with oscillatory bounces perturbing the otherwise exact ultralocality. This latter situation is generic, in the sense that the constructed geometries are solutions of nonvanishing measure in the full space of solutions. The one key difference between the spacelike and timelike singularities is that the appearance of chaos does not simply extend to higher dimensions.
The rigorous construction of BKL singularities is extremely difficult, so we did not attempt to realize any sort of flow from an asymptotically AdS geometry to a timelike BKL singularity. Nevertheless, we analyzed the implications of a putative flow containing a timelike BKL singularity. The immediate objection one might raise, which can apply to this work at large, is that these naked timelike singularities are pathological. Often one appeals to cosmic censorship to dismiss such geometries (although we were not able to provide evidence for such a situation, it is still possible that such timelike BKL singularities may exist behind horizons). However, whether such singularities are pathological is not clear to us in the context of AdS/CFT. We made an attempt to rule out the simple version of these geometries (5) in Section 5.1 by arguing that they would lead to acausal behavior in the dual field theory. This criterion was effective in ruling out the majority of these geometries, leading to the constraint p t > p i for all spatial directions i, but it was unable to rule out all of the geometries. It is unclear what sorts of generalized radial Kasner geometries (7) the causality criterion would rule out without explicit examples. It is possible that any sort of chaotic scenario can be ruled out, since such scenarios naturally include epochs with p t > p i . In a separate analysis, we showed that there do not seem to exist any extremal surface barriers which would prevent the boundary field theory from accessing the physics of the singularity. We thus speculated that the natural boundary interpretation of a flow ending in (7) is in terms of an ultralocal renormalization group flow (in the case of exact ultralocality in the bulk IR), or an ultralocal and chaotic renormalization group flow (in the case of chaotic oscillatory bounces in the bulk IR). This speculation reached a fever pitch when we connected our chaotic singularities to the chaotic duality cascades of [61] . Interestingly, such timelike BKL singularities cannot exist for pure gravity in asymptotically AdS 3 , possibly indicating that Lorentz-symmetry-breaking renormalization group flows of two-dimensional CFTs are special.
There are two key directions left open by our analysis. The first is to analyze the effects of matter which does not decouple near the singularity, with an aim toward classifying the chaotic properties of supergravity theories. The second is to do a more careful analysis of higher dimensions to decisively conclude the general dynamics of the symmetry wells and gravity wells. In particular, resolving the gravity wells in a representative example will help deduce the fate of the dynamics and possibly even lead to a restoration of chaos.
There are many ways the arguments in this paper can go wrong. The initial data problem on a timelike slice may be ill-posed in certain instances. The singularities may be impossible to cloak with a horizon, which would be a problem if cosmic censorship were a principle of nature or AdS/CFT. Top-down embeddings may not exist. Numerical simulations may not support our picture. And so on. However, if the suggestive arguments of this paper uphold rigorous scrutiny, then within AdS/CFT they may hint at a beautiful new picture of generic renormalization group flows of holographic CFTs.
A.1 No oscillations
We begin by considering the less generic case of no oscillation, first considered in [1] . We work in a synchronous reference system and expand the metric about the singularity as
where a, b, c, l i , m i , and n i all depend on t and x i . The metric is seen to be Lorentzian by computing the determinant in the basis given by {l i , m j , n k }, which gives det g µν = −( ijk l i m j n k abc) 2 . Notice it is in general not possible to align the x i with the directions l i , m i , and n i . Defining κ j i = ∂h j i /∂t, we can write Einstein's equations in this frame as
The first equation only has derivatives with respect to t. The same goes for the second equation if we can ignore (3) R j i , the three-dimensional Ricci tensor built out of h ij . Keeping it will be the subject of the next subsection. (46) - (47) become
where we have defined projections of the tensor R µν as R mn = R µν m µ n ν . These equations have as solution the anisotropic Kasner geometry (1) - (2). The final equation (48) can be reduced to three t-independent constraints on the exponents and vectors [1] . As we will see in the next subsection, ignoring (3) R j i requires a single constraint. This additional constraint makes the parameterization a set of measure zero in the full phase space; keeping (3) R j i nonvanishing will instead allow the ansatz to cover an open set. 9 The equations (46)- (48) can also be recast in the Hamiltonian formalism. In this framework, the evolution equations are analogous to (46) and (47), while the constraint equations are analogous to (48) . Ultralocality is then the statement that the spatial derivative terms in the evolution equations are irrelevant asymptotically close to the singularity. This means that the evolution equations break up pointwise, and it allows us to zoom in to different points and track their evolution independently from nearby points. In other words, the set of partial differential equations governing the evolution of the three-metric become ordinary differential equations. Even in the case where the term (3) R j i has spatial derivatives which can compete, it is possible to treat the evolution pointwise by zooming in to different points or "patches" of spacetime. We will refer to that situation as "approximately ultralocal" and address it in the next subsection.
If we imagine the spacelike singularity exists in the future, then nearby points will causally decouple as one approaches the singularity due to the existence of horizons. This is an intuitive explanation often given to explain the ultralocal behavior of BKL.
A.2 Oscillations
The oscillatory case, first considered by BKL in [2] , generalizes the analysis of the previous section. To begin, we consider a homogeneous version of (45) with specific scale factors:
We will call this quasi-Kasner due to the time dependence of the Kasner exponents. This ansatz contains four gauge-fixed free parameters: three spacelike vectors each with three components, and the exponents {p 1 (t), p 2 (t), p 3 (t)}, which are determined by a single parameter u(t) through
1+u+u 2 . In total we have ten parameters. However, we also have three of Einstein's equations G ti = 0 acting as constraints, as well as diffeomorphisms that allow redefining the three spatial coordinates, giving 10 − 3 − 3 = 4 free parameters. This equals the number of free parameters in a generic homogeneous solution to the Einstein vacuum equations. Now consider λ ≡ l i ijk ∂ x j l k , where l is the expanding direction. If λ = 0, then we have u(t) = const, whereas we will have an oscillatory u(t) for generic non-zero λ (we will illustrate the oscillatory behavior below). The former case corresponds to imposing an additional constraint and therefore is not generic. We conclude that the generic behavior for a homogeneous approach to the singularity takes the quasi-Kasner form of (51), but with oscillatory exponents.
Due to the ultralocality near the singularity, we can view a generic evolution toward the singularity as consisting of different local "patches" of quasi-Kasner spacetime. Therefore, in the BKL scenario, the four free parameters are uplifted in a generic approach toward the space-like singularity to four free functions of the spatial coordinates. This is the same number of degrees of freedom as needed to define a generic initial condition for Einstein's equations [78] . It is in this sense that BKL is considered a generic description of the singularity: it captures a set of non-zero measure of all possible spacetimes that produce a spacelike singularity. Now let us analyze more closely the oscillatory dynamics by zooming in to one of the patches:
Einstein's equations take the following form:
where λ = l i ijk ∂ x j l k , µ = m i ijk ∂ x j m k , and ν = n i ijk ∂ x j n k can be functions of the spatial coordinates. We can approximate each such patch by some homogeneous (possibly anisotropic) geometry, i.e. one of the Bianchi types. Then ( l, m, n) can be identified with the Killing vectors generating the local isometry that characterizes the homogeneous geometry. And (λ, µ, ν) are related to the structure constants C r pq of the Bianchi Type, defined by [ p, q] = C r pq r:
For example, the case of λ = µ = ν = 0 corresponds to flat space, while λ = µ = ν = 1 corresponds to Bianchi Type VII.
In the previous subsection, we solved (53) in the limit where λ = µ = ν = 0. This is precisely the case where we set (3) R j i = 0 in (47), as advertised. We will now consider the more general case of λ, µ, ν = 0. In this case, a pure Kasner solution of a(t), b(t), c(t) will cease to be valid at some point, since one of the scale functions, say a(t), will be diverging instead of vanishing toward the singularity. This corresponds to the direction along l expanding instead of contracting. This will give a big contribution to the right-hand-side of (53), and we can capture its effect by keeping the dominant a 4 term and tracking how it modifies the Kasner solution.
To see this, define a = e α , b = e β , c = e γ , and redefine dτ = dt/(abc). We begin with a Kasner regime with α = p 1 τ, β = p 2 τ , and γ = p 3 τ . This gives dτ = d(ln t) since abc = t in the initial Kasner epoch. Keeping the a 4 term on the right-hand-side of (53) leads to the equations of motion
The equations can be made more clear in the following form:
These equations can be interpreted as the dynamics of three particles of unit mass at positions α, β, γ. Now notice that the initial Kasner exponents are simply the momenta of the particles
The first equation shows that the first particle is colliding against an exponential wall, while the second two equations show that the total momentum of the pairs (α, β) and (α, γ) is conserved. This setup represents our system in a single Kasner epoch, and we would like to track it through a bounce due to the exponential potential. The relationship between τ and t will no longer be τ = ln t after a bounce. This means that while the incoming momenta were exactly equal to the Kasner exponents, the outgoing momenta will have to be rescaled to give the Kasner exponents. In practice, this rescaling is completely determined by ensuring that the Kasner exponents sum to 1.
The solution to this system of equations is as follows: the particle at position α will go through an elastic collision against the potential and bounce off with opposite momentum p 1 = −p 1 . Momentum conservation then fixes the outgoing momenta for β and γ: p 2 = p 2 + 2p 1 , p 3 = p 3 + 2p 1 . In fact, the system can be solved analytically:
where τ 0 is the point of deflection, determined by the initial conditions. This solution has the correct asymptotic behavior away from τ 0 . We conclude that a generic non-vanishing right-hand-side in (53) will cause the evolution to switch from one set of Kasner exponents to another set:
As argued earlier, the exponents require a universal normalization due to the relation dτ = dt/(abc).
To really put the system into the Kasner form (51) after a bounce, we have also rescaled constant prefactors into the vectors l, m, n.
The transition is such that the expanding direction switches to contracting, and one of the contracting directions, say b(t), begins to expand instead. The new Kasner solution will remain valid for a while until the right-hand-side becomes relevant due to a dominant b 4 term, and the system will make yet another transition. This oscillatory process repeats itself in the BKL scenario and leads to chaotic behavior.
In the billiard dynamics picture of Section 4, where one tracks the Iwasawa exponents, we have plotted the dynamics of the exponents in Figure 3 . In the same billiard dynamics picture, we have displayed the confining regions of the billiard stadium in Figure 4 . Figure 3 : Left: dynamics of the Iwasawa exponents β i , and the evolution toward the singularity is in the negative t direction. We see that the ordering of the exponents is maintained, a necessary result of the Iwasawa frame. Right: dynamics of the angular variables coming from the off-diagonal modes. 
A.3 Non-diagonal spatial metrics
In the analysis of A.2, it was assumed that the spatial metric could be diagonalized for all time. In other words, for a homogeneous metric of the form
where the vectors e
(1)
i = m i , and e (3) i = n i are functions of the spatial coordinates, it was assumed that γ ab was a diagonal matrix of scale factors. Although this is a consistent truncation in the degrees of freedom, since the off-diagonal components of the Ricci tensor will remain vanishing, it is an unnecessary restriction.
In [3] , this restriction was lifted and more general properties of the chaotic approach to the singularity were explored. We will not explore their analysis since this general case is captured more elegantly by the billiard dynamics of [30] , which we employ in the main text. The off-diagonal degrees of freedom map into dynamics of some angular variables, which we have simulated in Figure 3 .
A.4 The effects of matter
So far we have worked with the Einstein equations in vacuum. The addition of matter is a complicated issue whose story we do not aim to develop but will summarize. The original analysis in [1] considered a relativistic fluid and showed that their contribution to (46) -(47) was subleading in 1/t, while the contribution to (48) was merely to change the constraints on the exponents and vectors by including the free functions having to do with the matter. The result was still one arbitrary function short of the generic case with oscillation. Since this analysis, many different types of matter have been considered, in various dimensions, with the primary aim being the determination of whether or not the approach to the singularity is oscillatory. In D ≥ 11 dimensions, the non-oscillating Kasner solutions are no longer one free function short of the general solution [79] . In other words, even if oscillatory solutions exist, the non-oscillatory solutions are just as generic, in stark contrast with the lower-dimensional case. For D < 11 dimensions, the BKL story seems to be robust except for a few exceptional cases. One of those exceptional cases involves a dilaton, which by itself stops the oscillatory nature of the singularity, although this can be countered by the effects of additional matter, e.g. p-form gauge fields [80, 81] .
B Symmetry well artifacts in Bianchi IX
As stated in Section 4.1, the naive analytic continuation of the symmetry walls from the case of the spacelike BKL billiard does not work to give the correct symmetry walls in the case of a timelike BKL billiard. In 3 + 1 dimensions, where symmetry walls seem to reflect the symmetries of the problem for the spacelike BKL billiard, we expect for two of the three walls to become transparent. These transparencies correspond to the two pairs of coordinates involving time which are not symmetric. The other wall involves a pair of spatial coordinates, which is symmetric both in the spacelike BKL case and our timelike BKL case. The naive continuation shows that two of the walls become wells, with the rest of the walls untouched. So it gets most of the picture right. However, the approximation made in the billiard picture break down for a timelike singularity, so we need to revisit the equations of motion and solve for the exact outcome of these purported wells. We will do this in a Bianchi IX geometry, which will verify our physical expectations. Recall that Bianchi IX is general in the sense that it has the most number of nonvanishing structure constants possible. As in [82] , we will employ an orthogonal diagonalization of the three-metric γ instead of the Iwasawa decomposition employed in Section 4, although the two are simply related as discussed in [30] .
The metric takes the form
where γ ij (r) is a Lorentzian signature three-metric. It is diagonalizable by orthogonal matrices: 
It satisfies the constraint κ a b (r) C b ac = 0, implying κ a b (r)C b ac is a constant vector, which we take to be screened by the dynamics we do not need to worry about it. Now we examine what happens when the timelike exponent β 3 = ln Γ 3 approaches β 2 (the case with β 3 , β 1 is analogous). As before, we mean Γ 2 /Γ 3 ∼ O(1) and Γ 2 − Γ 3 ∼ O(Γ 2 ). Again keeping the leading terms, the dynamics is given by 
The center-of-mass mode β 2 + β 3 has conserved momentum, while the relative mode β 23 = β 2 − β 3 is attracted into an exponential well V (β 23 ) ∼ −e −β 23 . This is what we correctly deduced by the naive analytic continuation in Section 4.1. However, since now the regime β 2 → β 3 is not screened by the symmetry potential, we have to resolve the exponential potential into its exact form (ignoring irrelevant angular and c 2 prefactors):
Figure (5) is a plot of the exact potential. As β 23 → 0, we have
The motion through the origin β 3 = β 2 is therefore analogous to the way a harmonic oscillator passes through the origin, with vanishing force exerted. After that, the relative mode enters the other side of the regime β 23 < 0, and the asymptotic dynamics returns to free flight:
The relative mode exits with the initial momentum, meaning β 2 , β 3 pass through each other with Figure 6 : Left: dynamics of the diagonal exponents β i with β 3 the timelike direction. Notice how β 1 and β 2 collide in a way that switches momenta, while β 3 passes through β 1 , consistent with the analysis. (It would also pass through β 2 but this is not illustrated.) Right: dynamics of the angular variables coming from the off-diagonal modes. the same momenta. What was originally a symmetry wall in the spacelike BKL singularity becomes transparent.
To confirm this analysis, in Figure 6 we include a plot of the numerically generated dynamics for the diagonal variables as well as angular variables for some generic initial conditions. A picture of 4+1 dimensional dynamics including only the symmetry walls is shown in Figure 7 , which provides additional evidence that the picture regarding analytic continuation of symmetry wall dynamics is true in generic dimensions.
